This paper shows that the satisfaction of a certain quadratic relation is a sufficient condition that a continuous, symmetric function of two complex variables on a domain be analytic and be continuable to a particular larger domain. This quadratic relation is of the same type as that involved in the Grunsky inequalities.
In proving a generalization of the Grunsky inequalities, Bergman and Schiffer [3] announced a theorem on analytic continuation of a function of two complex variables.
In extending the Grunsky inequalities in another way, Alenicyn [l] found this theorem on continuation useful. The purpose of this note is to strengthen the Bergman-Schiffer theorem to be more natural for both applications and to provide a proof that is more direct than the formal computation in the original proof.
Suppose 2) and g are bounded domains, and 9 is contained in 2D. Let fs>-dAz denote area integration as z ranges over 2D. Let Ks>(z, f) be the Bergman kernel function [2 ] for the domain 2D.
Theorem.
// V(z, f) is a symmetric, continuous, complex-valued function on QXQ, and
for all continuous, complex-valued function <p with compact support in 9, then V(z, f) is analytic in 9X9 and can be continued onto 2DX2D.
Then {4>n(z)/kn}n~i is an orthonormal system on G, but is not necessarily a complete system. Let &nm be defined by (2) knkmanm= f j V(z,t)kffi*jf)dAJA{.
J oJ a
Since V(z, £") is continuous on GXG, Jafa | V(z, f)| 2dAzdA( < °°.
Then by the usual argument, [2] oo JZ a»m0n(z)0m(f) n,m=l converges uniformly on compact subsets of G. It is now shown that the series converges to V(z, f).
Suppose ri(z) is a continuous function on G, has fo |ri(z)|2<L4, < oo, and is orthogonal to 0" on G for n = 1, 2, • • • . Let r2(z) be any continuous function on G, and X be a real number. By using the sym- Hence V is analytic on £X$. It is now shown that the series (6) converge for z and f in SD. Let 6k(z)+^Zn=i Cnk)(pn(z) be the representation of the &th continuous approximation to the delta function at z0 where the representation holds for z in 3D, and 6k(z) is orthogonal to 0"(z) on 3D for » = 1,
n,m=l
A similar computation using a representation of an approximation of the delta function at Zo plus the delta function at Zi and utilizing (7) yields L Ks>izo, zo) + Re Ks>iz0, zi) + Ks>izi, zi) g E Gnm<k.
(zo)tf>m(zi) .
n,m=l Hence { En,m-i &nm<t>niz)4>mit)} lLi is a normal family on 3DX3D.
Since it converges to Viz, f) on GXG, E"m-i &nm<j>niz)4>nit) must converge to an analytic function on 3D X 3D that is a continuation of Viz,t). for all complex vectors (t*i, a2, ■ ■ • ), and (zi, Zi, ■ ■ • ) with all z" in 9, then Viz, £") is analytic in 9X9 and can be continued onto 3DX3D.
